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Objective of This Lecture

= |[ntroduction to
* Basic concepts of Numerical Weather Prediction (NWP)

* Practical approaches to Data Assimilation (DA)

® |ntroduction to
* Maximum likelihood (ML) estimation, naturally for state
—>Variational forms of DA

 Minimum variance (MV) estimation, naturally for state & covariance
- (Ensemble) Kalman Filter-type DA

= Applications to DA

Focus: basic concepts and idealistic systems
(=setting hard problems of real systems aside)




Outline of This Lecture

= Background
e NWP as DA: framework & elements

* Basic ideas of probability for estimation

= Practical Methods of DA
* 3D methods using static B

- 3DVar = Variational (by likelihood) } duality
- Ol = Optimal Interpolation (by risk reduction)
 Towards 4D
- FGAT = Asynchronized obs within one cycle
* 4D methods using evolving B
— 4DVar = Var along the model trajectory over a DA cycle
— EKF/EnKF = Error evolution/explicit estimation of B, ‘_
— 4DEnVar = Var analysis using B,

— Hybrid 4DEnVar = Integration of 4DEnVar and 3DVar FGAT

® Concluding Remarks



Basic Concepts of NWP

= Target: Forecasting evolution of atmosphere/weather system
* As accurately as possible for the longest lead time possible
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Basic Concepts of NWP

= Computational model for forecasting
Ex) GEOS-5 Nature Run (NR) = 2yr-model simulation initialized on May 2005

N
W 23

TPW (white) and rain fall (color: 0-15mm/hr) https://svs.gsfc.nasa.gov/30017

OS-5 7km NR (Gelaro et al, 2005)
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Basic Concepts of NWP

= Forecast: future model trajectory, given IC (current condition)
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Challenges and Limitations of NWP

" |nitialization (determination of IC)

= Departure of forecast (given an IC) from the “true” evolution
* Dueto: >>Intrinsic predictability limits (nonlinearity)
>> Practical predictability limits (IC, modeling, ....)
* Quantification of departure: Observations (noisy sampling of the “truth”)
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DA Schematic

* Model forecast: x°,
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* Analysis model state: x?,=x° +Ax?,

@
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Ax?, :increments by d,



DA Schematic

* Analysis model state: x@,

v' 06/18/17 12UTC 0OOHR FCST VAN

6/18/17 12UTC  NOAR/NHS/NCEP




DA Elements: State x and Forecast Model m

®» Forecast model

170818/1200V008 GFS S00MB HEIGHT AND REL HUMIDITY

= Nature

, . S
18 JyNH&- 0%

Computational model (from time t,_; to t,)
X =My 1 (X )
m: model
X: N-dim spatially discretized
vector of atmospheric variables
(N~10°)

“true state” x%,
= projection of real state onto x

* representation of xt has uncertainty
* Probability p(x)
~Likelihood [0,1] of the value being x
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DA Elements: State x and Forecast Model m

= Forecast model * Modeling of error (e,) in IC &
error growth (e,) in forecast

* Practical limits
—Quality of model m,,
— Quality of IC Xq

* Intrinsic limits
—Nonlinear dynamics
— Stochastic processes

- DA should estimate and reduce e

Computational model (from time t, ; to t,) || “true state” xt,
X =my 1 (% 1) = projection of real state onto x
m: model
X: N-dim spatially discretized * representation of x! has uncertainty
vector of atmospheric variables * Probability p(x)
(N~107) ~Likelihood [0,1] of the value being x
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DA Elements: Observation y and Forward Model h(x)

= Characteristics of y°

* Noisy sampling of xt

* Heterogeneous, spatially inhomogeneous, and temporally asynchronous
= Forward model h(x)=y

* Needed for DA to sample y from the model state x

e Uncertainty in the representation y=h(x) [ y'=h(x!)? ]
-> Modelmg of observation likelihood: p(y|x)
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DA Elements: Observation y and h(x)

= Observations for numerical weather prediction over 6hrs

Observations Assimilated in the GMAO GEOS-5 Analysis at 0000 UTC on 10 Dec 2014

- Conventional Observations (Surface) - Infrared Radiances g
' 21:52:45
> & . L]
- Conventional Observations (Upper Air) __

Microwave Sounder Radiances

GPS Radio Occulta



DA Challenges: Model

mk,k_l IS
* nonlinear
* imperfect

Step 1. Model Forecast
Forecast—>Background: x°, large

X, ,=my g (X.1)

Step 2. Assimilation
x°, and y°, = Analysis x?,
X2 =XxP +AX?,

Observation
Measurement: y°,.

Y.=h,(x,)
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DA Challenges: Observations

Step 1. Model Forecast
Forecast—>Background: x°,

X, ,=my g (X.1)

h, is/may be
* nonlinear
o imperfect
Observation
Measurement: y°,.
Vk'zhk'(xk')
*,

Assimilation cycle

Step 2. Assimilation
x°, and y°, = analysis x?,
X2 =XxP +AX?,

y may be large

or too small Ve [y e
* insufficient to determine x,
* not exactly at t,
———————————— ‘k— —-‘-—-—-*—- truth xt . -
* t
k
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DA Challenges: Uncertainty

Step 1. Model Forecast

X, ,=my g (X.1)

Uncertainty

b — yt b

Uncertainty
Forecast—>Background: x°, X3, =x', +e?,

Step 2. Assimilation
x°, and y°, = analysis x?,
X2 =XxP +AX?,

Observation . DA: a framework for NWP
Measurement: y°,. so that x@ is better than x°
Yi=he(x) - e is smaller than et
- h(x?) is closer y° than h(x®)
% Uncertainty "
____________ 0 =yt , + @0, D . SR I < t o _
* *tk Y=Yt ey * +tk e — - truth x

2017-07-11
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Probability in Practical DA

= |dealistic assumptions/representation of uncertainty p(x) [= likelihood of x]

e Unbiased * Uncertainty estimate by P
E[x]=x" error covariance (NxN) matrix
Ele]=0 P Py

P=Elee’]=
PN1 PNN

N H 0
fp(x) dx =1 trace P =) P =size of total risk

ool | = total variance c*
p(x) likelihood at x* |
LN [P~V V()
0o 4N\ ] If Gaussian,
% ./ | (ancertainty: - p(x) is defined by x* and P1
| CV|P] | p(x)~ N(x*,P) xeXp[—E(X—X*)T P (x—x*)
0zl / =1V V2 (X) | =
o ' , | ~ exp[—ﬂ]

-3 -2 -1 o 1 2 3

x* — Most likely x* by p(x), when J(x) is min at x*
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Probability in Practical DA: Background

= Prior PDF
p(x) ~ N(x°,B) o< exp —%(x—xb)T B~ (x—x°)[=J°(x)

x°: by model forecast
B: provided by climatology(statistical)
or model forecast(dynamical)

= J5(x): background cost function

J°(X) = %(x—xb)T B~ (x—x°)

XN
diii

imum Likeli iti min Jb fi,
Maximum Likelihood (ML) conditions = min J°(x) i,
\ i
\ I//,,I;II//,,,”/III/IIIIII/III”
\/ - R- — 9 — i
» _]b(X) - B 1 (X‘Xb)—o X= xb \ \\\\\\\\\\\\\ \\“\“\\\‘%\ //l/////;;ll;;%;
- 1 - = \\\‘&\\\\\\\\\\\\\\%\\\\\\\\\\%\‘\\‘\%\\
» V2J°(x) =B-1= full rank & positive definite =
W
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Probability in Practical DA: Observations

= Observation likelihood p(y|x) =likelihood of being y given x
1 o — lo) (o}
P(Y | %) =< exp| =~ (y° ~h(x))" (R)" (y° - h(x»} =exp| -J°(x) |
y°=y+ e° :obs with unbiased error e®assuming y'=h(x!)

R=E[e°(e°)"]: obs error covariance for y°

= J°(x): Observation cost function

P(x) =2 y° - ) (R) (y° ~h(x)

* If y consists of L set of independent y,

. Y, h, (x)
Jo(x) = J°(x) yo=| |, hy=|
o] : 1 o} T -1 o} yz h1 (X)
J/ (X) = E(y/ _ h/ (X)) (R/ ) (y/ _ h/ (X)) R 0
corresponding to p(y|x)=p,(y|x) ... p,(y|x) R - b




Probability in Practical DA: Observations

= xMLof p(y|x) as the weighted least square estimate
H (0} 1 (0} - (o]
min J (X)=§(y —h(x))" (R)™" (y°—h(x))

* Nonlinear h(x)
- V/°(x) =-H"R? (y°-h(x))=0
— V2/°(x) =H'R'H
= full rank & positive definite in x space

{ J
iyl U
: :' /'";"’/Il II/I
i 0,'// il

* Linear h(x)=Hx \ i —
B "'I////’}"////////%i/’/li/ii///
\‘\\‘\‘ \\\\\\ \‘\\ /
— \7/ |0 — Tp-1 0 - AN \\\\ i
J°(x) =-H'R -Hx)=0 “\\\\\\\\‘\‘\‘\‘\\\\\‘\‘\‘\‘\‘\‘\‘\\\\\\\\“}%\\\
a \

OIS
‘ TN \\\““‘\“‘}%\}

HR'Hx=HR!y°
x = (HTRIH) -1 HR!y°
— V2/°(x) =H'R'H
= full rank & positive definite in x space
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Probability in Practical DA: Observations

* 2D linear interpolation example x=(x,, x,)'
y° = Hx +e°
y/=H/x = (1-W/) X1+W/X

— Single obs y°;:
P(x) = (y°-H,x)2/2R,
VJo(x) =-H,"(y°;-H.x)/R,=0
V2/o(x) =H,™H, /R,
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Probability in Practical DA: Observations

— Two obs: y°,and y°,:
Jo(x) = (y°;-Hx)%/2R,+(y°,-H,x)?/2R,
VJo(x) =-H,(y°;-H x)/R,

0.04

_ 0.02
_HZT (yOZ'Hzx)/RZ =0 g
VZJO(X) _ H1TH1 /R1+ HZTHZ /Rz Q o0
Unique x™*
»unless wy=w, |
» regardless of R, & R,
x
ch: """"""" O |
y, @
1 Y> K
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Probability in Practical DA: Observations

— L (>2) independent obs:

2017-07-11

VJO(X) ='ZIL HIT(yOI‘HIX)/RI=O
2p(x) = 5LHTH/R,

w20bs > _3o0bs

A5
AN

V0N
Y
00.0“\“\\\\\

Adding more y°,
2>|V2ex)| T
[likelihood 1]

[uncertainty {]

9

-2 1/027
20’

9

.5 obs

0.04

0.02




Two Practical Approaches to DA

Prior PDF

p(x)

Step 1. Model Forecast Uncertainty
Forecast—>Background: x°, X3, =Xt +e?,

X, ,=my g (X.1)

Step 2. Assimilation
x°, and y°, = analysis x?,
X2 =XxP +AX?,

Observation
Measurement: y°,. Two equivalent approaches to x?,

y.=h k'(xk')

% Obs Likelihood
____________ X e e e e e Mo __ e~ % t
. *tk_ p(y|x) . +tk > 4 truth x
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Outline of This Lecture

= Background
e NWP as DA: framework & elements

* Basic ideas of probability for estimation

= Practical Methods of DA
* 3D methods using static B

— 3DVar = Variational } duality
- Ol = Optimal Interpolation
 Towards 4D
- FGAT = Asynchronized obs within one cycle
* 4D methods using evolving B
— 4DVar = Var along the model trajectory over a DA cycle
— EKF/EnKF = Error evolution/explicit estimation of B, ‘_
— 4DEnVar = Var analysis using B,

— Hybrid 4DEnVar = Integration of 4DEnVar and 3DVar FGAT

® Concluding Remarks



3D DA Schematics

p(x) ~ N(x°, B)

( Background
B : Static

Step 1. Model Forecast
Forecast—>Background: x°

X, ,=my g (X.1)

Analysis
X% = X + e

Step 2. Assimilation
x° and y° = analysis x?
x? = XP+Ax?

Observation a
Measurement: y° Two equivalent approaches to x?,
y=h(x)

Obs Likelihood

p(y|x)~ N(y°, R)
R : Given
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3D Method I: 3DVar

= Approach: ML x=xP+Ax, s.t. p(x|y) is max given p(x) & p(y|x)
using Bayes theorem:
P OPX) _ s Ay
p(y)
oc exp[—JO(x) - Jb(x)] = exp[—J(x)]

p(x|y)=

= 3DVar algorithms: Minimize
J(x) = J°(x)+ J°(X)

J°(X) = %(x— x°)'B7(x — x")

J(x) = {y° ~h() R (y° ~h(x)
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3D Method I: 3DVar

Prior
p(x) ~ N(x°, B)

B : Static

Step 1. Model Forecast
Forecast—=>Background: x°

X =My g (X.1)

posterior
p(x|y)~ N(x?, A)
A : Usually not computed

Step 2. Assimilation
Integration of x°and y° 2>x@
X2 = X° + AX?

Observation
Measurement: y°

y=h(x)

2017-07-11

Obs Likelihood

p(y|x)~ N(y°, R)
R : Given

Minimization problem:
J(AX) = J°(Ax )+ Jo(Ax)
J°(AxX) =% (Ax)T BL(Ax)
Jo(Ax) = ¥5(y°—h(xP+Ax )T
R1(y°—h(xP+Ax))
where
AX =X—XP

GSI Tutorial - DA Fundamentals - Ide



3D Method I: Incremental 3DVar

= Approach: ML x=xP+Ax, s.t. p(x|y) is max given p(x) & p(y|x)

using Bayes theorem:

p(x|y)= LY PR _ e a
p(y)

oc exp[— - Jb(x)] =exp| -J(x) |

= Linearized 3DVar algorithms by

y° —h(x" + Ax) = y° —h(x") - Jh(x) AX

oX b

-d —HAX
minimize innovation

J(AX) = J°(AX) + J°(AX)

J°(AX) = %AxTBMx
J°(AX) = %(d —HAx)" R (d—HAx)

2017-07-11 GSI Tutorial - DA Fundamentals -
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3D Method I: Incremental 3DVar

[Use of the linearized h(x*+Ax)=h(x?)+HAx in 3DVar]

Prior
p(x) ~ N(x°, B)

B : Static

Step 1. Model Forecast
Forecast—>Background: xP

X, ,=my g (X.1)

posterior
p(x|y)~ N(x?, A)
A : Usually not computed

Step 2. Assimilation
x° and y° = analysis x®

X2 = X° + Ax®
Observation ) Minimization problem:
Measurement: y J(AX) = Jo(Ax) + J°(Ax)
y=h(x)

J°(Ax) = ¥5(Ax)T B-1(Ax)

2017-07-11

J°(Ax) =% (d—HAX)" R (d—HAX)
Where ., oh(x)
d =y°- h(x") -~ ox

Obs Likelihood

p(y|x)~ N(y°, R)
R : Given
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3D Method I: Incremental 3DVar

= |nterpretation

* Background: one more set of independent “obs” (x°,B)
p(x]y) ~ py(y|x) ... p,(y|x) p(x) Analogy to 2D p(y|x)

* Analytical solution
1

J(Ax)= 7 (Ax - AxY A7 (Ax - AX)+I(AXT)
= 1
Ax®* = AH'R'd Ll
Vi(Ax)=A"'=B'+H'RH L o]
&)
By assimilation y° O o2
> (Likelihood)? adds up o1l
> (uncertainty) reduces .
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3D Method Il. Ol

= Approach: Analytically solve for x=x*+Ax s.t. trP is min given p(x) & p(y|x)
using Best Linear Unbiased Estimation (BLUE)= choose G* and K*

(=Optimal Interpolation: Ol)
=G*x°+K*y° =x'+¢€
=E[e(¢)']

such that resulting x°'=x*+Ax? has
* No bias: E[e]=0
* MV (least risk) min: trP=X N P

= Algorithm (analytical solution)

Ax?= Kd

K=BH" (HBH™ + R)!
where

d =y° - h(x?)

although not required
A= (I - KH)B: uncertainty<B
[G= (I - KH)]
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3D Method II: Ol

Prior
p(x) ~ N(x°, B)

B : Static

Step 1. Model Forecast
Forecast—>Background: xP

X, ,=my g (X.1)

posterior
p(x|y)~ N(x?, A)
A : Usually not computed

Step 2. Assimilation
x° and y° = analysis x®

X2 = X° + AX?
Observation Axd= K d
Measurement: y° K = BHT (HBHT + R).
y=h(x) d = y°- h(xb)

Obs Likelihood

p(y|x)~ N(y°, R)
R : Given
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Duality / Equivalance

If p(x) and p(y|x) are Gaussian & h(x) is linear,
XML = yMV

[Although not necessary in 3D: AMI=AMV]

Maximum likelihood (ML)
AxML = KML d
(AML) 1= B + HTRH
KML = AMLHT R-1

Minimum Variance (MV)
AxMV =KW d
AW = (1 - KMV H) B
KMV =BH' (HBH' + R)!

Var
0.5 x x 0.5
0.45 0.45
0.4t 0.4t
1
035 ! ! 0.35
I1
0.3} [ 0.3}
m I
0O 025+t | 0.25
o Vi
0.2+ (] 1 0.2
I1 |
| I | 1
0.15 F | 0.15 |
| I | 1
0.1+ ! ' ! 0.1+
| |
0.05 f 1 i 0.05 I
1
0 0
-4 0 1 3 4 5 -4 -3
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Impact of B

= GSI Example

z=15 Tv Ensemble Spread

\;]‘Sackgroumd T(j(ﬁltour) and \C\f)nthl Tﬁ{eﬂr&r‘)t(s?a(}ed) y posltlon

3DVar
[=Ol]

55W HO0W 4o 408 35W B0W oW 85W

I

04 05 08 07 08 09 1 11 12 13 14 1.5 1.6 1.7 -015-0.1-005005 01 0.15 0.2

AXOI

1

o

/

Ol
AXN

50W

B

11/

B

11l

B

NI

025 03 035 04 045 05 055 06

(R _i_B//)_1 (yO _Xb)

Obs. info in d propagates Ax®' through B

- B impacts Ax®'

2017-07-11  Single 850mb Tv observationi{1K/0=f:tKnerror — Courtesy of D. Kleist



3DVar: Computational Aspects

II/II
7
i

" |nitial “guess”: Ax=0 [x=x?], find Ax? that minimizes

14
2 2 il
1yt iy g vy
W
i /il

= Mathematical conditions for min
« VJ(AX)=0 where
VJ(AX)=B'Ax+H" R™ (d—HAXx)
* V2J(AX) = semi-positive definite

V2J(AX)=B"+H" R"H= A"

= Computational algorithms for optimization, e.g.,
e Conjugate gradient (GSI default)
* Quasi-Newton method
requiring (at the minimum)

dh
. Tim H=5 X Dy

b)T Ty DX

h
e ADJ HT — (a (x)
2017-07-11 X GSI Tutorial - DA Fundamentals - Ide
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3DVar: Computational Aspects

= Pre-conditioning
* Change of variable: Ax to Az so that —\VJ(Az) points to Az?

J(Ax) J(Az) J(AzZ)
o -

* (Un)isometry around the minimum x2: Controlled by V2J(x) = Al
J(AX) = E(Ax — Ax®) AT (AX — AX?)+ J(AX®)
— Ideal preconditioning: Ax=Al2Az

J(AZ) = %(Az — AZ?) (Az — AZ®) + J(AX?)

— GSl preconditioning:  Ax=Bz from practical reasons

J(z)= %(z ~-2°)'B(z-2%)+J°(Bz)
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3DVar: Computational Aspects

= Quter-Inner loop for nonlinear h(x)
* Incremental 3DVar: d, H, & HT are evaluated at x°

e Scheme
> Quter loop for the initialization (d, H, & H') of inner loop using “x®”

e be » Inner loop to solve for “Ax®” incremental 3DVar
w |

= old x° + Ax?®

Incremental 3DVar J(Ax)
Linearized h(xP+Ax) = h(x°)+ HAx

3DVar J(Ax)
& d =y° - h(x?)

Highly nonlinear h(x*+Ax)

2

il
o g
il
0 tpy Sy gy gy
g a——

ey

Wiy 71
'””'”%W%f/flll;l

J(dx)
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3DVar: Advantages & Flexibility of J(Ax)

= Quadratic form of J(Ax) due to Gaussian assumption can be relaxed
» Variational quality control (QC) for observations

= Additional terms: J(Ax) = JP(AX) + JO(AX) + JS(AX) + J°¢(AX)
» Strong/weak constraints to reduce unwanted fast moving waves

* Bias correction based on d = y° - h (x?)

" Localization based on B
e Spatial localization is in x space

e Variable localization (including variable transform) to suppress
unphysical correlation, i.e., 0

Axbalanced bb
AX — Axbalanced _I_Axunbalanced = AW — & Bw — B Bpﬂ
Axunlalanced BJ% Buu

— This lecture (on fundamentals) focuses on the simplest form of J(Ax)
— See other lectures on useful and important details that make GSI work




Challenges of 3D Methods

Modeling of static B
* NMC Method: Parri
* Large dimensions

— Parameterization
— Preconditioning

sh and Derber, 1992

— Localization: space & variable

* Mostly homogenous (with little flow dependence)

- 3D to 4D

2017-07-11

Ax?® by single obs

Background T{contour) and Control T increment(shaded)
RS SR N |

BAN{ N T
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b 3\\\\ |
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Outline of This Lecture

= Background
e NWP as DA: framework & elements

* Basic ideas of probability for estimation

= Practical Methods of DA
* 3D methods using static B

— 3DVar = Variational } duality
- Ol = Optimal Interpolation
 Towards 4D
- FGAT = Asynchronized obs within one cycle
* 4D methods using evolving B
— 4DVar = Var along the model trajectory over a DA cycle
— EKF/EnKF = Error evolution/explicit estimation of B, ‘_
— 4DEnVar = Var analysis using B,

— Hybrid 4DEnVar = Integration of 4DEnVar and 3DVar FGAT

® Concluding Remarks



3D Method with 4D Asynchronous Observations at t,.

X°,
X, _Or " @ =0~
x®,: IC for forecast O‘k’ : Q’ ; ; O -0
[analysis of previous cycle] PR @ 8 ________ . ;
e P e :
e o S —— @ .
e --"--- K9 ®

= 3D methods with FGAT:

[First Guess at Appropriate Time]

\

= 3D method (corémventional)

[x° at t, only]

(4 o b o;
d1 (yl _hl(xl) d1 ) yli_hl (Xi)
o b oi .
\dK) ky’( _hK(xK)/ \dK) yK;_hlt ("2)

B [ — Jommm '<___-_______'__________Lj__

£, t
GSI Tutorial - DA Fundamentals - Ide

k C t
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3D Method: Incremental 3DVar FGAT

[Use of the linearized h(x*+Ax)=h(x?)+HAx in 3DVar]

Prior
p(x) ~ N(x°, B)

B : Static

Step 1. Model Forecast
Forecast—>Background: x°,

posterior
p(x|y)~ N(x?, A)
A : Usually not computed

xbk’zmk’,k’-l (XP¢1)

Step 2. Assimilation
dp =y° - hy (x°) x° and y° = analysis x?
X% = xP + AX?

Observation J(AX) = J°(AX) + Jo(AX)
Measurement: y°,. J°(Ax) =% (Ax)T B-1(Ax)
yk,=hk;(xkz) .IO(AX) = %Zk(d*kI_HklAX)T

er-l(d *k'_Hk'Ax)

Obs Likelihood
d*,= ¥ — h(x°)

p(y, %)~ N(y°., R,)

R : Given

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



Outline of This Lecture

= Background
e NWP as DA: framework & elements

* Basic ideas of probability for estimation

= Practical Methods of DA
* 3D methods using static B

— 3DVar = Variational } duality
- Ol = Optimal Interpolation
 Towards 4D
- FGAT = Asynchronized obs within one cycle
* 4D methods using evolving B
— 4DVar = Var along the model trajectory over a DA cycle
— EKF/EnKF = Error evolution/explicit estimation of B, ‘_
— 4DEnVar = Var analysis using B,

— Hybrid 4DEnVar = Integration of 4DEnVar and 3DVar FGAT

® Concluding Remarks



4D Method I: 4DVar

= Approach: Find Ax, such that ML is achieved along m, , (x,)
—[b 0 m; o (xbo)
= J(Ax,)=J°(Ax,)+ J°(Ax,) along the trajectory

x?, of previous analysis cycle
xb
0

X,=X"o+AX, : AX, is mainly controled by VJ(Ax,)

p(x,) = N(X3 B ) = exp[ ~J°(ax)]

0

J°(Ax,) = %(AXO?)T (B,)" Ax
| Py 1%) = [T p(y,. 1%,) = exp[—ZJ;’.(Axo)}

J° AX,) Z m,., (0 +Ax,))" (R,.)" (y2.—h,.(m, (X} +AX,))
k'=
To address 4Dness, model fore cast must be epricitIy included in DA

P A M

t t t
0 . ... .. .. ) 1 k_ .. K
2017-07-11 = initializatientime - oA Fundamentals - 1de =analysis time




4D Method I: 4DVar

= Computational challenges: each iteration requires

* Nonlinear model forecast x,.=m,. , (x°,+Ax,) to compute y°,-h,. (x,.)
- K 7

- R 1 gy
eXpenSIVE J (AXO ):: E(yk- - hk'(mk',o (xg + AXO ))T (Rk') 1 (yk' o hk'(mk',o (xg + AxO ))
k=

P Model ADJ: Mk OTto brmgy «h, (x, ) back to t,
complex g jo(ax ZM THR,)" (% —h(m, (X +AX,))

TLM M, ,=0m, o(X,)/0x, : AX, =2 Ax,
ADJ M, T L AX, > DX,

_' __________ {.% ____________ ' ___m.k"_ofxg)___%_____zl____'__

t My of ty ty
2017-07-11 = initializatientime - A Fundamentals - 1de —ana|V5|5 t'me




4D Method I: 4DVar :
Challenging

Prior

p(x) ~ N(x°, By)
B, : Static

Step 1. Model Forecast
Forecast—>Background: x°,
X =My g (X))

posterior

PO |Y)™ N(x,, Ay)
A,: Usually not computed

Step 2. Assimilation
x°,.and y°,, = analysis x?,
_ b
X% = My g (X0 + BX)

Observation
Measurement: y°,.

Yi=hAx,)

J(Dx,) = JP(Ax,) + J°(AxX,)

Jo(Ax,) = %5(Ax,)" B, 1AX,

Jo(Axy) =T, Ya(y° ~hy (M o (XPo+AX,)))T
Obs Likelihood Ry H(yor—hy (my o (X05+Ax,)))

ply, %)~ N(y°., Ry)
R : Given

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



4D Method I: Incremental 4DVar

= Addressing computational challenge by linearized model
b
= No need for m,, o(x°;+Ax,) My 5(X°)

; m,. o(xo)
............ =m; o(X® o) tM oAXo

Trajectory: my o(X°+Axg) = My, o(X°0)+Ax,. =m,, o(X°0) +M,. (AX, [+w,, ]
Increment: AX = My oBX, [+W (]

Discrepancy: y°, — h,. (my, o(x°o+Ax,)) = y°, = hy (M (x%)) - H M, oAX,

K
1
Obs cost func:  J°(Ax,) = 2 e (d,.—HM, Ax,)) R,)" (d,—H M, Ax)

VJ°(AX,) ZM 'H.” (R,)" (d.—HM, Ax )

---------- i------------i---+--TEF;-F--4--;#---!--
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4D Method I: Incremental 4DV :
Challenging

x2, only, not A,

Prior

p(x) ~ N(x°, By)
B, : Static

Step 1. Model Forecast
Forecast—>Background: x°,
X =My g (X))

posterior

p(x|y)™ N(x?, A)
A= M, o(VU(Ax,) T M, T

Step 2. Assimilation
x°,.and y°,, = analysis x?,
— xb
X2 = X° +M, o AXF,

Observation
Measurement: y°,.

Yi=hAx,)

J(Axo) = _/b(AXO) + .IO(AXO)
Jo(Bx,) = V4(B%,)T By 1AX,
J(Bxo) =2 %2 (d=H My o BX,))T

Obs Likelihood R (d—H My o AX,))
PV %)™ N(y°, Ry)
R.: Given with Outer-Inner loop

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



4D Uncertainty Propagation by TLM and ADJ

" Forecast x° & B,: Background

x°, & B,: IC for forecast
[analysis of the previous cycle]

x°,
| ebO
« State:  x°  =m,,(x°)
Xt +eb, = m, (xt,+eb,) =m, o(x) +M, €% [+w, (]
* Error: ebk = Mkloebo [+Wk,k-1]

B, =M oBoM, o' [+Qy o] Q o =ElW, o (W )]

Current assimilation cycle

---------- R e S i b
£, Ly
2017-07-11 GSI Tutorial - DA Fundamentals - Ide




4D Method lla: EKF without FGA :
Challenging

IC (x°, By)
< (x3,, A,) of previous cycle

Step 1. Model Forecast
Forecast—=>Background: x°
X2 =my o(x°)
B, =M, (B, M, ,'+Q; ,

Step 2. Assimilation
Integration of x°, and y°,
X2, = x° + K, d,
K.=BMH.T(HBH+R)*

d, =Y°. - h, (xbk)

Observation
Measurement: y°,.

y,.=h(x,)

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



4D Error/Uncertainty Propagation by Ensemble X={x,,}

. . . =b b/ wb\T
= Uncertainty estimation by ensemble X, & Be,k = Xk(Xk)

{Xb(m),k}

_ _ 1M _ 1«
State estimate:  X=2-3 X, V=22 Yy Yim = X))
Error covariance: B_= )A(b()A(b ) HB H = Y°(Y°)
Xe = I\/; 1 {x(m) - X } ? — I\; 1 {y(m) _ y}

No need for M or M' to propagate B, , & Computationally feasible for small M
—> Rank deficiency in B, and HB_,H" - need for localization p-

---------- T— e ns e

k . .
=analysis time
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4D Method llb: EnKF without FGAT

Localization p- in obs space |

. i
Step 1. Ensemble Forecast L__Irlﬂf Egn_(_ezp_llsli gr_|r_n P I_Icltl

. {6y} .
X k(m)= My olX O(m))

Step 2. Assimilation
{xbk(m)} and y°, 2>{x% )}
x> _x +K d,

e,k = (I_ K k)Be,k
K =poXY, (pOYkYk +Rk)_1

Observation

Measurement: y°,.
y.=h(x,) * EnKF never computes A_or B_ themselves
* {x®, .} satisfies ensemble approximation to EKF
[Infinitely many possible choices of X*P, exist]
o Ensemble Square Root Filter (EnSRF)
o Local Ensemble Transform Kalman Filter (LETKF)
o Many variatnts

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



Impact of B

= GSI Example

0.4 0.5

60W 55W

08 0% 08 09

1

z=15 Tv Ensemble Spread

404

404

L1
1.1 L2 1.3 14 15 1.6

B Bow

1.7

Background T{contour) and EnsB T increment(shaded)
= = < == 7 N

EnVar

~——

)

2017-07-11

~
N\
\\
-~ .
\/
35W 307
= [ [ [ [ [ —
-0.15-0.1-0.050.05 0.1 0.15 02 025 03 035 04 045 05 055 08

Background T{contour) and Control T increment(shaded)
- S ~ AT Y

y position

3DVar
[=Ol]
B=B

-015-0.1-005005 01 015 02 025 03 035 04 045 05 055 06

B

11

B

11l

B

NI

(R _i_B//)_1 (yO - Xb)

Obs. info in d propagates Ax? through B
- B impacts quality of Ax?

Single 850mb Tv observationi{1K/0O=F1kerror§ — Courtesy of D. Kleist



4D Method lll: 4D Ensemble Var (Incremental)

= Motivation:
* ADEnKF increment spans over ensemble space at each grid point
Ax =Kd = X a

o : for ensemble members concatenated over the grid

 AD TLM and ADJ can be replaced by ensemble approximations
M, .,Ax, =M, X o=X o
HM .  Ax,=HM_ X oa=HX.oa=Y o

o : constant along the trajectory over the cycle

* Var uses x-space localization L
B_=(X") oLoX"



4D Method: Incremental 4DEnVar

= Addressing computational challenge in 4DVar by ensemble

= No need for M, ,Ax,

~

X =x°+X0 @

-
-
-
-—-—-—'_'—-

Loc in x-space

* Background 1 ’ 1 _
Jb(oc){z EAXTB1Ax:| = E(Xboc)T [(X°)'LX°T" (XPar) = EocTL‘1oc§
* Observation
K
o 1 _
J (oc):ZE d.-Y.a) (R.)' (. -Y.«)
k'=1
. ' X,
ty (X, t

2017-07-11
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4D Method: 4DEnVar

1
I+ LoclLinx-space :
o : * Parallel run of EnKF is necessary for :
Step 1. Ensebm e Forecast I ensemble spread I
. {x k’(m)} . : ©4DLETKF (Loc in y-space) :
X m)y= My o(X O(m)) -------------------------- B
Step 2. Assimilation
{X°um} and y°, > X7
za _ ob v
X=X, +X o
Observation J(a) = Jo(at) +_/0(a)
Measurement: y°,. JP(a) =%a' Lla
Yi=h(x,) o(at) =3,% (d,~Y )T R, A(d, —Yk a))

2017-07-11 GSI Tutorial - DA Fundamentals - Ide



4D Method: Incremental 4DEnVar

" Hybrid in increment: Ax, = Ax. + AX,
* Assuming uncorrelated Ax. and Ax,
 absorbing Ainto B [replaced by B] i A O L

—
—I
W mm n ommm o e w P -

= Cost function: J(Axc,oc)=Jb(Axcioc)+J°(Axc,oc) 1
* Background  J°(Ax_,o)= BCE(AXC)T (B,)" Ax, +Ben§ocTL‘1oc
K

1 . .
* Obs JO(AX_,0) = ;E[dk, —H (Ax + X 00l (R.)" [d.—H, (A% + X, )]
(B, B.): weight coefficients for climatology and ensemble Background

o .
X, AXg . —AX,,,

.......... S T

vb \T .

to (X7)) AX_,. «— AX_,, ty
. k 0.k ek
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4D Method: Hybrid 4DEnVar Operational

Step 1. Ensemble Forecast
Forecast—>Background: x°,

xbk(m)zmk, O(XbO(m))

GSI
Assimilation cycle

1
Localization L in model space :
Parallel run of EnKF is necessary :
for ensemble spread 1

o

Observation

Measurement: y°,.

y.=h(x,)

Step 2. Assimilation
Integration of x°and y° 2>x@

a_ b /
X, =X, +(Ax_+X, o)

2017-07-11

J(Ax_,a) = J°(Ax_,a) + J°(Ax_,a)
Jo(Ax,,a) = B YA " B 1A +B.Y5a Lla

Rk/-l [dk/_Hk/ (AXC + Xk/ a)]

Can run double/multi-resolution

GSI Tutorial - DA Fundamentals - Ide




Impact of B

= GSI Example

2017-07-11

60W 55W HO0W 404 404 35W

04 05 08 07 08 09 1 11 12 13 14 1.5 1.6 1.7

Backsround T(colntour) and EnsB T 1n(rement(shaded)
7

m;va,/ i n ;/;s\\i\ —
i \ a

N 4
c/ﬁ/\?\ \\470 g\\ / > \ \ /
/ /

i

85w 50W 55% 500 45 40W 35W 3

-0.15-0.1-0.050.05 0.1 0.15 0.2 0.25 03 0.35 04 045 05 055 08

Single 850mb Tv observation (1K O-F, 1K error) —

GSI Tutorial - DA Fundamentals - Ide

54Ny

Background T(contour) and Control T 1ncrement(shaded)

-015-0.1-005005 01 015 02 025 03 035 04 045 05 055 06

‘,;fm/fwf‘ixsg;

Backvrournd T(contour) and Beta(o 3) H bmd T 1ncrement(shaded)
4

c/ﬁ/\?\

\\¥27n_> 4)
) D ‘//,

-0.15-0.1-0.050.05 0.1 0.15 0.2 0.25 03 0.35 04 045 05 055 08

Courtesy of D. Kleist

X, position

3DVAR

Hybrid
B.=1/2
B.=1/2



Consideration: Issue with Static B,

Bseginning ' ~, Middle
60N H-4DEnVar 6ON
(B B)=(5,5

60N

SON SON

40N TS 40N

30N 30N

60N 60N

SON SON
40N

40N w*— 40N

30N 30N

60W S0wW 40W 30W 60W S0wW 40W 30W 60W S0wW 40W 30W

Courtesy: A. Lorenc et al. 2016, MWR AX, = Ax_ + X, o
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Summary

Advantages Challenges
3DVar (Ol) | Full rank B, Static B, (no dynamic propagation)
+ FGAT Synchronized d, No A update in general
4DVar Dynamic B propagation No A update in general

Expensive & Complex

EKF Dynamic By and Ay, Expensive & Complex
Explicit evaluation of A

EnKF Dynamic B, and A, Rank deficiency on B, and A,
Explicit evaluation of A, y-space localization on B,
EnVar Dynamic B, and A, by EnKF Parallel run of EnKF is required

x-space localization on B,

Hybrid Ax, = A DX, + N DX, Ax, is 3D
Bk = vc Bc + VeBe,k
[equivalence by A2=y]
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Concluding Remarks

NWP is extremely challenging from a wide range of reasons.

DA methods attack NWP problem through the attempt to optimally
estimate the state and uncertainty.

Current operational GSI uses Hybrid 4DEnVar, a method that combines and
integrates the preceding methods.

Operational GSl is really a complex DA system with much more details than
presented in this lecture. These details really matter as you will hear this

week.

Enjoy the Tutorial!



